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Nucleation and growth of the nuclei in the thermal plasma of the ionized metal vapors of
welding fume are studied. The coalescence of liquid droplets formed by the vapors'
nucleation is calculated. There is a high flow rate of condensable atoms from the gas phase
into the condensed phase caused by the nucleation and association of nuclei with the
aggregated droplets. The fast association of the nuclei with aggregated droplets leads to a
decrease in the condensable vapor supersaturation and to the termination of nucleation
and start of the bimodal coalescence. As a result, in the beginning of phase transition,
there is bimodal size distribution of the primary particles: the small-size primary particles
formed by association between the nuclei (intramodal coalescence only), and the primary
large-size particles formed by association between the aggregated droplets and the nuclei
(intramodal and intermodal coalescence).

& 2013 Elsevier Ltd. All rights reserved.
1. Introduction

A low-temperature thermal dusty plasma is an aerosol at atmospheric or higher pressure and at temperatures of 1000–3000 K,
which contains easily ionizable atoms of alkali metals as a natural impurity or in the form of specific additional agents. Ionization
in a thermal plasma occurs due to collisions between electrons and alkali metal atoms, which are the basic suppliers of free
electrons and singly charged positive ions. Therefore, a thermal plasma is strongly collisional unlike a low pressure gas–discharge
plasma (Fortov et al., 2004). Examples of thermal collisional plasmas are the combustion plasma, which is formed in flames
(Doroshenko et al., 2009; Poletaev & Florko, 2008), and the condensation zone of arc welding fume (Kobayashi et al., 1983). Both
kinds of plasma represent ionized gas containing the vapor of metals and/or metal oxides, which are ready to condensate;
therefore, as a result of volume condensation, such a plasma contains the dust as liquid droplets and, after the cooling and phase
transition, as solid particles.

Such a plasma can be used in the technology of synthesis of nano-sized oxide particles with the required properties
(Gonzalez et al., 2008; Kumfer et al., 2010; Seo & Hong, 2012). Thus, a new technology can be developed to obtain new
materials. Flexible ceramics is an example of such new materials that can be used to make crucibles for melting metals, gas
turbines, liners for jet and rocket motor tubes, resistance furnaces and ultra-high frequency furnaces (Laurvick & Singaraju,
2002). Another application of nano-sized particles is the production of fuel cells. Solid oxide fuel cells differ from other fuel
cell technologies, because they are composed of all-solid-state materials, and as a result can operate at temperatures
significantly higher than any other category of fuel cells (Singhal & Kendall, 2003).

The formation of condensed particles in the plasma occurs as a result of nucleation and growth of the nuclei (Girshick et al.,
1993; LaViolette et al., 1996; Reist, 1984), and this process is strongly dependent on the plasma properties (Vishnyakov, 2008;
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Vishnyakov et al., 2011). The temperature in the condensation zone is higher than melting point of the condensable matter,
therefore the nuclei are in the liquid state. The condensable vapor mixes with air and this vapor–gas mixture cools down, which
leads to the beginning of growth of the nuclei. The growth of the nuclei occurs until the temperature reaches the melting point. The
phase transition terminates the formation of the primary particles; secondary particles are formed as a result of further coagulation.

The dusty plasma of arc welding fume was investigated by Fuglsang et al. (2011), Asbach et al. (2009) and Brand et al.
(2013). It was discovered that the primary particles are described by the bimodal size distribution. The paper by Fuglsang
et al. (2011) demonstrated that particles of welding fume, collected by an Electrical Low Pressure Impactor, have a size of the
first mode below 10 nm and a size of the second one is about 100 nm. But it should be noted that these particles are not the
primary particles. Similar studies of the secondary particles (agglomerates of the primary particles) by Asbach et al. (2009)
also demonstrated the bimodal size distributionwith sizes of about 10 nm and 100–150 nm. The paper by Brand et al. (2013)
presented the number-based size distributions of the particles of welding fume, where three modes can be observed: the
particles of the first mode smaller than 6 nm, a size of the second mode is 20–30 nm and a size of the third mode is
100–200 nm. The investigation by Ennan et al. (2013) found two close modes of the secondary particles with sizes of �200
and �300 nm, and shown that these secondary particles can be a result of coagulation of the primary particles with sizes of
�2 and �20 nm. The origin of the first mode is clear, it is the primary particles formed as a result of nuclei' growth. As to
the second mode, one may assume that these particles are the result of droplets' coalescence (Tashiro et al., 2010).

This paper deals with the nucleation and growth of the nuclei occurring simultaneously with their coalescence; besides,
the exchange processes between the particles and the plasma, where the nucleation occurs, are taken into account. The
proposed calculation method allows defining the primary particle size distribution function in any moment of time.
2. Nucleation and growth of nuclei without coalescence

The calculation of heterogeneous ion-induced nucleation in the plasma by taking into account the interphase interaction, when
nucleation depends on the electron exchange between the nucleus and the plasma, was done using the procedure suggested by
Vishnyakov et al. (2013). The subject of modeling is the dusty plasma formed during cooling of the iron vapor stream from the
temperature of 3000 K down to the melting point of iron (1800 K) as a result of mixing with the air. The vapor–gas mixture
contains iron atoms and alkali metals as ionizable atoms in the following ratio: gFe ¼ 0:36, gK ¼ 0:06, gNa ¼ 0:03, where g is the part
by weight (the system under consideration corresponds to the plasma of shielded metal arc welding fume, Oprya et al., 2012).

The presence of the alkali metal atoms provides the content of ions with the equilibrium number density from 3:6�
1015cm�3 (atom density is 1:8� 1018 cm�3), at the temperature of 3000 K, to 7:5� 1012 cm�3 (atom density is
1:2� 1018 cm�3), at the temperature of 1800 K. But real ion number density is less, because ions are the nucleation centers;
for example at the temperature of 1800 K their number density is 5� 1012 cm�3 (atom density is 6:5� 1017 cm�3, i.e. about
5:5� 1017 cm�3 atoms of alkali metals via ionization became a nucleus center). In the used procedure the ionization of alkali
metal atoms due to the collisions and UV-radiation from the arc is considered. The electrons appear in the system not only due to
the atoms' ionization, the thermionic emission and photoemission from the particles are also considered in the procedure.
Therefore, the number of electron can be more than a number of ions, if the particles did not accumulate the major part of
electrons. For example, at the temperature of 1800 K, the electron number density is 5:4� 1012 cm�3.

As the vapor stream mixes with the air, the partial pressures of condensable vapors (PiÞ in the vapor–gas mixture and
their supersaturations (Si ¼ Pi=Pi;satÞ can be calculated using the temperature and the vapor composition:

Pi ¼
δmi=μi

δm0=μ0þδmair=μair
P; ð1Þ

where δmi ¼ giδm0 is the flow rate of the ith component; δm0 ¼ 10�2 g=s is the mass flow rate of the vapors stream; μi is the
atomic mass of the ith component; μ0 ¼ 26 g=mol is the effective atomic mass of the vapors stream, μair is the air molecular
mass; P ¼ 1:01� 105 Pa is the atmospheric pressure; δmair is the mass rate of entrainment of the air by the vapor stream,
which is defined by the current temperature of the vapor–gas mixture T, the temperature of the environment T1 � 300 K
and the initial temperature T0 � 3000 K:

δmair ¼
T0�T
T�T1

δm0: ð2Þ

The current total number density of iron atoms in the vapor without account of the condensed phase is determined using
(1) via the perfect–gas relation:

Na0 ¼
PFe

kBT
; ð3Þ

where kB is the Boltzmann constant. Adjusted to take into account that some iron atoms are in the condensed phase, the
number density of the iron atoms remaining in the gas phase is

Na ¼Na0�Nac;
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where Nac ¼ naNd is the number density of the iron atoms in the condensed phase; Nd is the number density of the droplets
of nuclei or aggregates; na ¼ 4πρcr3d=3mc is the average number of atoms in the droplet; rd is the droplet radius; ρc is the
density of the condensable matter; mc is the atomic mass of the condensable matter (iron).

The nuclei are in the equilibrium with the environment and cannot grow, until there is a potential barrier of growth
activation which decreases when the supersaturation of condensable vapor increases during cooling (Kuni et al., 2001). After
the activation barrier disappears, the growth of the nuclei is determined by the increment of the mass with regard to the
difference between the absorption and transpiration fluxes (Fuchs, 1964):

dmd

dt
¼ πr2dαcvTamc Na�Nsð Þ

where αc is the condensation factor; vTa ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8kBT=πma

p
is the thermal velocity of the condensable atoms; Ns ¼NaSR=S is the

number density of the condensable atoms near the droplet surface; S is the current supersaturation; SR ¼ PsatðrdÞ=Psatð1Þ is
the change in vapor pressure due to surface curvature and exchange interaction, as defined by the modernized Kelvin
equation by taking into account the droplets charge (Vishnyakov et al., 2013):

ln SRð Þ ¼ mc

4πρckBT
8πγ

rdþ3δ
ðrdþ2δÞ2

� e4 ~Z
3
d

3kBTr
5
d

�
~ZdWd

r3d
�e2ð1þZ2

0� ~Z
2
dÞ

2r4d

" #
;

γ is the surface free energy of the flat surface; δ is the Tolmen length (Bahadur & Ressell, 2008); Wd is the electronic work
function; ~Zd is the droplet charge with respect to the charge of environment (the total droplet charge is Zd ¼ Z0þ ~ZdÞ; Z0 is
the charge of environment, which is equal, but with opposite sign, to the volume charge of the gas phase per one droplet.

Then, change in the radius of increased nucleus' droplet is described by the following equation:

drd
dt

¼ αcvTamc

4ρc
Na 1�SR

S

� �
: ð4Þ

The results of modeling of the heterogeneous ion-induced nucleation of iron and growth of the nuclei in the plasma are
presented in Fig. 1. The evolution of processes is considered during cooling of the vapor–gas mixture from the temperature
of 2380 K (t¼0) down to the temperature of 1800 K at the rate of 1 K=μs. The time step was chosen dt ¼ 1 μs, because the
Maxwell relaxation time, which determines the stabilization of the diffusion–drift balance, is τM � 0:1–1 μs in such systems
(Vishnyakov, 2005). It has allowed calculating the equilibrium state of environment in each step.

The iron nucleation begins at the temperature of �2340 K, when the vapor supersaturation reaches the value S¼5.3. The
supersaturation reaches the value S¼6.5 at the temperature of �2310 K, and growth of the nuclei begins. The great number of
iron atoms is condensed, therefore the supersaturation falls down to value S¼2.8 and decreases as the droplets grow up to radius
rd � 1 nm. The nuclei number density increases till growth starts and remains stationary at Nd � 1015 cm�3. The iron atom
number density in the gas phase decreases as some atoms turn into the condensed phase and vapors are diluted by the air. As a
result, in the beginning of phase transition, the iron content in the gas phase is much less than that in the condensed phase.
3. Coalescence: solution techniques using the method of moments

The large number density of nuclei Nd � 1015 cm�3 causes their intensive collisions due to the Brownian motion, and
coalescence, as they are in the liquid state. The evolution of the number density of stable droplets of size j by coalescence
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Fig. 1. Evolution of the droplet average radius rd and supersaturation of iron vapor S.
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due to the Brownian motion is described by the Smoluchowski balance equation (Bilodeau & Proulx, 1996):

∂Nj

∂t
¼ 1
2

∑
j�1

i ¼ 1
β i; j� ið ÞNiNj� i�Nj ∑

1

i ¼ 1
β i; jð ÞNi;

where βði; jÞ is the collision kernel.
As a result the aggregated droplets with the average diameter dd ¼ ð6mcn=πρcÞ1=3 are formed, where n is the average

number of the atoms in a new droplet, which increases while the coalescence occurs. However, it is necessary to take into
account that the nucleation continues until there exists a sufficient density of the condensable matter. Thus, already at the
initial stage of condensation the bimodal size distribution of the droplets occurs. The first mode contains the droplets of
nuclei, the second mode is represented by aggregated droplets resulting from the long-term coalescence.

The equation of the iron atoms conservation is as follows:

Nac ¼ n1Nd1þn2Nd2; ð5Þ
where n1 and n2 are the average numbers of atoms in the droplets of the first and second modes respectively; Nd1 and Nd2

are the droplet number densities in the first and second modes, respectively (if it is assumed that the first mode contains
nuclei only, then n1 ¼ na).

When droplets have grown through coalescence, they are described by a log-normal size distribution. It can consider the
distribution based on the number of atoms contained in the droplets, using probability density function:

f ni ¼
Ndi

n ln si
ffiffiffiffiffiffi
2π

p exp
�ðln n� ln n0iÞ2

2 ln2 si
i¼ 1;2ð Þ; ð6Þ

and the total distribution function is the superposition of these two: f n ¼ f n1þ f n2 (Seigneur et al., 1986). Here
n0i ¼ ni expð� ln2 si=2Þ is the median of distribution; si is the standard deviation.

At the initial moment that corresponds to the nucleation beginning, only one mode consisting of the monodisperse nuclei is
formed; and s¼ 1 should be taken into account in Eq. (6), in order to describe the monodisperse nuclei. But a zero value of ln s is
not suitable for the calculations, therefore it can be considered as s1 ¼ 1:01 and ln s1 ¼ 0:01. The calculations demonstrated that
for all values of ln so0:05 the results are identical, because right after the first collisions, the mode of the aggregated droplets is
formed, and the standard deviation rapidly increases. So, the bimodal distribution occurs as the nucleation continues.

The evolution of such a system can be described by the integral moments of the distribution (6) (Chan et al., 2010;
Estrada & Cuzzi, 2008; Whitby & McMurry, 1997). The numerical calculation of the coagulation of particles is the complex
problem. Therefore, Cohen & Vaughan (1971) proposed the approximation method based on the moments of size
distribution. The moments are described by the following equation:

MðkÞ ¼
Z 1

0
nkf n dn: ð7Þ

The zeros moment represents the total number density of the generated particles, while the first moment corresponds to
the total number of atoms in these. The second moment is proportional to the light scattered by the particles in the case
where their size is much smaller than the wavelength of the incident light (Colombo et al., 2012).

In this case the Smoluchowski equation is transformed into the following equation (Yu et al., 2008):

∂MðkÞ
∂t

¼ 1
2

Z 1

0
f n

Z 1

0
β n;mð Þf m ðnþmÞk�nk�mk

h i
dm dn; ð8Þ

where n and m are the numbers of atoms in the colliding droplets; βðn;mÞ is the collision kernel. The Brownian collision kernel
can be determined by the kinetic theory of gases, or by the diffusion theory according to the droplet size. If the droplets are much
smaller than mean free path length of the gas molecules, the kinetic theory of gases must be used to determine the collision
kernel:

β n;mð Þ ¼ β0ðn1=3þm1=3Þ2
ffiffiffiffiffiffiffiffiffiffiffiffi
nþm
nm

r
; β0 ¼

3mc

4πρc

� �1=6
ffiffiffiffiffiffiffiffiffiffiffi
6kBT
ρc

s
:

For the bimodal system, where f n ¼ f n1þ f n2, Eq. (8) can be transformed into the two equations

∂M1ðkÞ
∂t

¼ 1
2

Z 1

0
f n1

Z 1

0
β n;mð Þf m1ðnþmÞk dm dn�

Z 1

0
f n1n

k
Z 1

0
β n;mð Þ f m1þ f m2

� �
dm dn; ð9Þ

∂M2ðkÞ
∂t

¼
Z 1

0
f n1þ

1
2
f n2

� �Z 1

0
β n;mð Þf m2ðnþmÞk dm dn�

Z 1

0
f n1þ f n2
� � Z 1

0
β n;mð Þf m2m

k dm dn; ð10Þ

where (9) corresponds to the mode of the nuclei and (10) corresponds to the mode of the aggregated droplets.
A moment Mð0Þ defines the droplet number density Nd in the mode:

∂M1ð0Þ
∂t

¼ �1
2

Z 1

0
f n1

Z 1

0
β n;mð Þf m1 dm dn�

Z 1

0
f n1

Z 1

0
β n;mð Þf m2 dm dn; ð11Þ
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∂M2ð0Þ
∂t

¼ �1
2

Z 1

0
f n2

Z 1

0
β n;mð Þf m2 dm dn; ð12Þ

and, as it follows from (11) and (12), the droplet number decreases due to coalescence in both modes; the number of aggregated
droplets decreases due to the intramodal coalescence (12), and the number of droplets in the nuclei mode (11) decreases not only
due to the intramodal coalescence, but also due to the intermodal association between the nuclei and the aggregated droplets.

A moment Mð1Þ defines the total number of atoms nNd in the mode:

∂M1ð1Þ
∂t

¼ �
Z 1

0
f n1n

Z 1

0
β n;mð Þf m2 dm dn; ð13Þ

∂M2ð1Þ
∂t

¼
Z 1

0
f n1n

Z 1

0
β n;mð Þf m2 dm dn; ð14Þ

and, as it follows from (13) and (14), the number of atoms decreases in the first mode and increases in the second mode due to the
association between the nuclei and the aggregated droplets. It should be noted that at the usual unimodal coagulation
∂Mð1Þ=∂t ¼ 0.

A moment Mð2Þ allows determining the standard deviation:

∂M1ð2Þ
∂t

¼
Z 1

0
f n1n

Z 1

0
β n;mð Þf m1m dm dn�

Z 1

0
f n1n

2
Z 1

0
β n;mð Þf m2 dm dn; ð15Þ

∂M2ð2Þ
∂t

¼
Z 1

0
f n2n

Z 1

0
β n;mð Þ 2f m1þ f m2

� �
m dm dnþ

Z 1

0
f n2

Z 1

0
β n;mð Þf m1m

2 dm dn; ð16Þ

and the average number of atoms in the droplets is

ni ¼
Mið1Þ
Mið0Þ

; ð17Þ

the standard deviation is defined by the following equation:

ln2 si ¼ ln
Mið2ÞMið0Þ
Mið1Þ2

: ð18Þ

Equations (11)–(18) allow us to completely describe the evolution of the coalescence in the bimodal system of droplets
by taking into account both the intramodal coalescence and the intermodal association of droplets of different modes. The
Mathcad prime program for calculation was used (Appendix A). At first, the equilibrium state of environment is calculated, i.
e. the number densities of the atoms, ions, electrons, and charges of droplets are defined. After that the coalescence is
calculated. The time for which the number of droplets decreases twice is ð2β0 � 1015 cm�3Þ�1 � 8 μs at the temperature of
2000 K. Therefore, the calculation time step of 0:1 μs corresponds to much smaller changes of the number of droplets due to
the coalescence. As the calculation time step of the system equilibrium state is 1 μs, the cycle from 10 consecutive
calculations of the moments was used in each step of the main program.

4. Nucleation and growth of nuclei with coalescence

The bimodal coalescence of droplets assumes that the first mode of the nuclei associates with the second mode of the
aggregated droplets. However, the system thermodynamics requires the presence of the nuclei with equilibrium number
density. Therefore, the first mode cannot change, because the new nuclei appear. Thus, the nucleation is the original “pump”
for the transfer of the atoms from the gas phase into the aggregated droplets (see (14)), and the intensity of this process is
higher than the intensity of the vapor condensation on the aggregated droplets (see (4)). While nucleation takes place, the
first mode remains as a monodisperse aerosol, i.e. modeled by the log-normal distribution with the standard deviation
s1 ¼ 1:01, and the median n01 ¼ ð4πρcr3n=3mcÞ exp½�ðln2s1Þ=2�, where rn is the nucleus radius.

The second mode changes according to Eqs. (11)–(18). The evolution of the supersaturation and the average radii of
droplets is presented in Fig. 2; the evolution of the increment of droplet radii and the droplet charges is presented in Fig. 3.
The coalescence leads to the fast growth of the aggregated droplet sizes (curve rd2, Fig. 2) that causes the deceleration in
growth of the iron vapor supersaturation (curve SÞ. As a result, the nucleation is prolonged down to the temperature of
�2260 K. Some part of the nuclei “is pumped out” into the second mode, and some part of nuclei should remain as separate
droplets in order to keep the system in equilibrium, i.e. to keep the monodisperse state of the first mode (curve rn, Fig. 2).

The supersaturation falls down to value S¼0.8 and the nucleation stops. Further the bimodal coalescence occurs, because the
requirement for existence of the nuclei as separate droplets disappears. Simultaneously with coalescence there is a growth or
evaporation (for the first mode) of droplets (see Fig. 3), in conformity to Eq. (4). This process leads to the integration of the first
mode up to average droplet radius rd1 � 0:6 nm and the increase of the standard deviation up to s1 ¼ 2:1.

The charge of droplets and charge of environment influence the rate of the condensation growth (4). In the system under
consideration the droplets have negative charges and charge of environment Z040. An increase of the negative charge of
droplets leads to the decrease of their growth rate, as the calculation demonstrated, but an increase of the positive charge of
environment leads to the increase of the growth rate. In the present case the absolute value of the negative charge of
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droplets is more than the charge of environment, therefore the resulting influence of charging reduces the growth rate. It
should be noted that the negative charge of the first mode increases the droplet evaporation, but the evaporation rate
decreased when the charge becomes positive (see Fig. 3).

The charging of the droplets also affects the collisional cross-section and must influence the coalescence. In the paper by
Belov et al. (2000) the ratio of the coagulation kernels of the charged and uncharged particles is defined. The calculations for
the system under consideration demonstrated that this ratio is equal to 0.994 for intermodal coalescence, and is equal to
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0.999 and 0.94 for intramodal coalescence of the first and second modes, respectively. So, the influence of droplets' charging
can be neglected, because their sizes and charges are very small (the screening length is about 500 nm).

The droplets, in the beginning of phase transition, when they become the primary particles, have the bimodal size
distribution, presented in Fig. 4. The average diameter of the primary particles of the first mode is d1 ¼ 1:2 nm with the
standard deviation s1 ¼ 2:1; the average diameter of the primary particles of the second mode is d2 ¼ 8:7 nm with the
standard deviation s2 ¼ 1:8. Further coagulation of the solid primary particles only occurs.

5. Conclusion

The bimodal size distribution of the primary particles can be caused by the coalescence of the nuclei. The aggregated droplets
grow, preferentially, by association with the nuclei. As a result of lasting nucleation and association between
nuclei and aggregated droplets the intensive transfer of condensable atoms from the gas phase into the condensed phase occurs.

The fast growth of the aggregated droplets leads to the decrease of supersaturation and, as a result, the formation of new nuclei
terminates and the first mode starts to grow due to the coalescence of the previously formed nuclei. The nuclei coalescence is
accompanied by their evaporation. Thus, two modes of the droplets are formed in the system. The first mode is the droplets of
associated nuclei; the second mode is the droplets formed by association between the nuclei and the aggregates.

As a result, after the phase transition, there is the bimodal distribution of the spherical solid primary particles: the
particles with the average size of �1 nm, and the particles with the average size of �10 nm.

Unfortunately, there is very few direct measuring of the sizes of primary particles in welding fume; only already mentioned
(Brand et al., 2013) and also the paper by Richman et al. (2011) represented the particles with the average diameter of 6.5 nm. But
the similar system of flame found the particles with the average diameter of 2.7 nm (Strobel et al., 2004). It should be hoped that
development of the measuring technique will allow defining the particles with the size of 1 nm.

Appendix A. Algorithm for calculation in Mathcad prime

Here Rd is the droplet radius; Nd is the droplet number density; s is the standard deviation; Rcr is the radius of the
metastable nuclei; Na is the number density of condensable iron atoms; S is the supersaturation; Ni is the ion number
density; Ne is the electron number density; Z0 is the charge number of the background; Z is the charge number of the
droplets; EnvironmentðÞ is the subprogram for calculation of the thermodynamic parameters of the plasma, where
nucleation and growth of the nuclei occur; ChargeðÞ is the subprogram for calculation of the charges of the droplets and
the charge of the background; NucleationðÞ is the subprogram for calculation of the nucleation; GrowthðÞ is the subprogram
for calculation of the growth of droplets by Eq. (4); PumpCoalescenceðÞ is the subprogram for calculation of the intermodal
coalescence and the intramodal coalescence of the aggregated droplets' mode (the first mode of nuclei does not change);
BimodalCoalescenceðÞ is the subprogram for calculation of the intermodal coalescence and the intramodal coalescence of
both nuclei' mode and aggregated droplets' mode.

Tstart←2380 K; Tend←1800 K; dt←1 μs

vT←1 K=μs; NT←ceil
Tstart�Tend

vT � dt

� �
Rd1;Nd1;Rd2;Nd2←0; Rcr←1
for iA0…NT
t←i � dt
T←Tstart�vT � t
Na;Ni; S←EnvironmentðT ;Rd1;Nd1;Rd2;Nd2Þ
Ne; Z0; Z1; Z2←ChargeðT ;Ni;Rd1;Nd1;Rd2;Nd2Þ
if Rd1oRcr

Rd1;Nd1;Rcr←NucleationðT ;Na; S;Ne; Z0Þ
Rd2;Nd2; s2←PumpCoalescenceðT ;Rd1;Nd1;Rd2;Nd2Þ
if Rd2ZRcr
dR←GrowthðT ;Na; S; Z0; Z2;Rd2Þ
Rd2←Rd2þdR

else
dR←GrowthðT ;Na; S; Z0; Z1;Rd1Þ
Rd1←Rd1þdR

Rd1;Nd1; s1;Rd2;Nd2; s2←BimodalCoalescenceðT ;Rd1;Nd1;Rd2;Nd2Þ
dR←GrowthðT ;Na; S; Z0; Z2;Rd2Þ
Rd2←Rd2þdR
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